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Problem Categories for this Meet (in addition to topics of earlier meets): 

1. Mystery: Problem solving

2. Geometry: Area and perimeter of polygons

3. Number Theory: Divisibility GCF, LCM, prime factorization

4. Arithmetic: Fractions, terminating and repeating decimals, percents

5. Algebra: Word problems with 1 unknown; working with formulas; reasoning in number 
sentences



Meet #2, Number Theory   

Meet #2 – Number Theory 
 

Ideas you should know: 

Prime Factorization: Every number 2,3,4,… can be written as a product of 
prime number factors.  For example, 12 = 2x2x3, or 22!3.  What is the prime 
factorization of 60?  Answer: 22!3!5, or 22!31!51. 

12 = 22!31  
24 = 23!31  
100 = 22!52  
210 = 21!31!51!71  

 

To the Zero Power: Any non-zero number to the zero power is one.  50=1.  
This makes sense if you think that 53÷5=52, and 52÷5=51, so 51÷5=50, 
which is the same as 5÷5=50=1.  (00 is undefined, not 1.) 

 50=1 
 51=1x5    = 5 
 52=1x5x5=25 

 
Least Common Multiple (LCM): LCM(a,b) is the least (smallest) number that 
is a multiple of both a and b.  For example, LCM(6,10) = 30 because both 6 
and 10 are factors of 30, and there is no smaller number than 30 that does 
this.  One way of computing LCM(a,b) is by prime factoring a and b.  Then, 
for each prime factor, take the larger of the two exponents.  For example, 
6=21!31!50, and 10=21!30!51.  The larger exponents: 21!31!51 =30. 

LCM(2, 3) = 6     LCM(2,4) = 4      LCM(10,15) = 30 

LCM(6,10) = 30   LCM(8,12) = 24  LCM(6, ?) = 18  (?=9 or 18) 
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Greatest Common Factor (GCF): GCF(a,b) is the greatest (largest) number 
that is a factor of both a and b.  For example, GCF(6,10) = 2 because 2 is a 
factor of both 6 and 10, and there is no larger number that does this.  One 
way of computing GCF(a,b) is by prime factoring a and b, and then, for each 
prime factor, take the smaller of the two exponents.  For example, 
6=21!31!50, and 10=21!30!51.  The smaller exponents: 21!30!50 =2. 

Useful trick: GCF(a,b) x LCM(a,b) = a x b. 

  GCF(2,3) = 1 GCF(4,6) = 2  GCF(12, 16) = 4 
  GCF(12,18)=6 GCF(17,24)=1 GCF(11, 22) = 11 
  GCF(10,?) x LCM(10,?) = 30       (? = 3, because GCFxLCM=3x10) 

 
Proper Factor: A factor of a number other than the number itself or one.  
The proper factors of 6 are 2 and 3, but not 1 or 6.  There are no proper 
factors of prime numbers. 

 Factors of 6: 1, 2, 3, 6 Proper Factors:  2, 3 
 Factors of 7:  1, 7  Proper Factors:  None! 
 
Relatively Prime: Two numbers are relatively prime if they have no common 
factors other than 1.  Their GCF is 1.   For example, 7 and 8 are relatively 
prime as they share no factors greater than 1.   If the difference between 
two numbers is prime, then the numbers are relatively prime. 

  If GCF(A,B)=1, then A and B are relatively prime. 
  If A – B = prime, then GCF(A,B)=1 
  Are 21 and 91 relatively prime?     No, GCF(21,91)=7 

  Are 10 and 21 relatively prime?     Yes, 2x5 and 3x7 share no factors. 
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1)   When the fraction        is reduced to lowest terms, the result is     .  What  
 
      is the greatest common factor (GCF) of  24  and  42 ? 
 
 
 
 
2)   Radio station WAVE plays my favorite song every  12  hours.  Station  
      WIFE plays it every  18  hours while station WEEK plays it every  30   
      hours.  My favorite song is playing at  4:00 P.M.  on a Thursday on all  
      three stations.  At what time and on what day of the week will my  
      favorite song play next on all three stations?  You must include A.M  
      or P.M. in your answer. 
 
 
 
 
 
3)   The prime factorization of  405,000  is       .             
   
       Find the value of  7N + P.          
              
     
 
 
 
 
     1)   __________ 
  
     2)   __________   (time) 
 
           __________    (day)   
 
     3)   __________ 
 

Answers 
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              1)         6 
1)   The simplest clue is to note that the fraction was  
      reduced by a factor of  6.  Otherwise, students might       2)   4:00  A.M. 
      list the factors of  24  and  42  to get their GCF, or                        Friday 
      else use the prime factorization method.         
               3)        32 
2)   The LCM of the three numbers can be found by    
      listing multiples of each until the first common  
      multiple appears.  Otherwise, prime factoring the  
      numbers can produce the LCM as follows: 
  12  =  2 x 2 x 3 
    18  =  2 x 3 x 3 
  30  =  2 x 3 x 5 
      The LCM is  2 x 2 x 3 x 3 x 5  =  180.   
      Converting to days,  180  hours is  180 / 24,  or  7.5  days.  Seven and a half  
      days beyond  4:00 P.M. on a Thursday is  4:00 A.M. on a Friday.  All answers  
      must be correct in order for students to receive  2  points for this problem. 
    
3)   405,000  =  405 x 1000 
   =  (5 x 3 x 3 x 3 x 3) x (2 x 2 x 2 x 5 x 5 x 5) 
      The three twos are accounted for in the prime factorization                       . 
       
      The remainder of the prime factorization is              . 
      So,  N = 4  and  P = 4. 
      7N + P  =  7(4) + 4  =  28 + 4  =  32. 
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Number of Factors: 12 has 6 factors: 1,2,3,4,6,12 (we count 1 and 12). To 
count them, do prime factorization first.  Take the exponents, add one to 
each, and multiply.  For example, 12=22!31, so the exponents are 2 and 1.  
Add one to each: 3 and 2.  Multiply: 2x3=6.  So, 12 has 6 factors, same as 
we listed above.  How many factors does 1000 have?  1000=23!53, so it has 
4x4=16 factors. 

Another way to count the number of factors is to list them in pairs and be 
sure you got them all!  That’s the hard part. 

 

 

 

200=23!52 
 

Perfect squares have an odd number of factors.  36=1x36, 
2x18,3x12,4x9,6x6, or 9 distinct factors.   36=22x32, (2+1)x(2+1)=9 factors. 

Factors of 49: 1, 7, 49   = 3 factors – an odd number 

Factors of 36: 1, 2, 3, 4, 6, 9, 12, 18, 36 = 9 factors (odd) 
 

Euler’s GCF Method (Fast way to compute Greatest Common Factor): 
If A>B, then GCF(A,B) = GCF(A-B,B).  This works because if A and B have a 
common factor, then A-B has the same factor.   Repeat until obvious. 

  GCF(130,91) = GCF(130-91, 91) = GCF(39, 91) = 
  GCF(91, 39) = GCF(91-39, 39) = GCF(52,39) = 
  GCF(52-39, 39) = GCF(13,39) = 13 

3+1=4 

2+1=3 

4x3=12 factors 1 x200 
2 x100 
4 x 50 
5 x 40 
8 x 25 
10x20 

= 12 factors 
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1)  One prime factor of  272  is  2.  What is the only other prime factor of  272 ? 
 
 
 
 
 
2)  How many of the following eleven numbers are factors of every positive  
     whole number that is divisible by both  9  and  12 ? 
 
 3      4      6      8      18      24      27      36      45      72      108 
 
 
 
 
 
 
3)  To treat his cold, Wheezer takes some orange juice every  50  minutes, a  
     cough drop every  80  minutes, and a teaspoon of honey every  96  minutes  
     during his waking hours from  6:30  A.M. to  10:15  P.M.  He took all three  
     at  1:53  P.M.  on Tuesday.  On what day and at what time will he again  
     take all three?  You must include  A.M.  or  P.M.  in your answer. 

  
             

               
     
 
 
 
 
 
 
     
      The United States Weather 
      Bureau began its operation 
      in November of 1870. 
       
      

Answers 

1) 

2) 

3) = day 

= time 
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1)  The prime factorization of  272  is  2 x 2 x 2 x 2 x 17.            Answers  
      So, the only other prime factor of  272  is  17. 
           1)     17 
2)  Whole numbers that are divisible by both  9  and  12  are  
     multiples of their LCM, namely,  36.              2)     5 
     The only numbers in the list that are factors of  36  are 
      3,  4,  6,  18,  and  36.  So, there are five such numbers.  3)  6:38 A.M. 
                on Friday 
3)  Find the LCM of  50,  80,  and  96  by first factoring each  
     number: 
   50  =  2 x 5 x 5 
   80  =  2 x 2 x 2 x 2 x 5 
   96  =  2 x 2 x 2 x 2 x 2 x 3 
 
     The LCM is the product of the highest powers of any of the factors in any of  
     the three prime factorizations,  =  2 x 2 x 2 x 2 x 2 x 3 x 5 x 5  =  2400. 
     Since Wheezer ends his waking hours at  10:15  P.M.,  10:15 - 1:53  = 
     8  hours and  22 minutes, or  502  minutes.  He still has  2400 - 502, or 1898  
     minutes, before the next confluence of his three doses.  Dividing  1898  by  60 
     yields  31  hours and  38  minutes.  From his waking time of  6:30  A.M. until his  
     bed time at  10:15  P.M. is 15 hours and 45 minutes.  Two days of waking hours  
     would be  31  hours and  30  minutes,  just  8  minutes shy of  31  hours and  18   
     minutes.  So, he will take all three doses just  8  minutes into his fourth day -  
     Friday - at  6:38  A.M. 
 
 Check:         Tuesday - 502 minutes 
   Wednesday - 945 minutes 
      Thursday - 945 minutes 
           Friday - 8 minutes 
    Total - 502 + 945 + 945 + 8  =  2400 minutes. 
 
 Note:  Both the day AND the time must be correct for a student to earn  
         full credit. 
    



1)

2)

3)

Answers

Category 3
Number Theory
Meet #2 - November, 2013

1)  What is the GCF  (greatest common factor)  of  F  and  G  if  
     F x G = 210 ?  F and G are positive integers.

2)  If                                                 then find the value of  A + B + C.

3)  Megan sees her friend, Barbara, at her favorite restaurant, Pasta ya 
     Prime, every  12  days.  She sees Jake there every  18  days and 
     Chara every  40  days.  They all met there on April 1.  In what month 
     will they meet next?

www.imlem.org
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Answers             1)  Since  210 = 2 x 3 x 5 x 7,  and all of these factors are
  relatively prime (their GCF = 1), then any

1)     1   combination of products that yields two factors of
  210  will be also relatively prime.

2)    26   For example, let  F = 6  and  G = 35  (GCF = 1)
  another:  let  F = 2  and G = 105  (GCF = 1)

3)  March   another:  let  F = 10  and  G = 21  (GCF = 1)

2)  The bases on the right side of the equation are all powers of the bases 
     on the left side:

                                       

     So,  A + B + C  =  12 + 6 + 8  =  26

3)  The LCM (lowest common multiple, often called the least common 
     multiple) of  12  and  18  and  40  can be found either by listing 
     multiples until  the first common multiple is found or by using prime 
     factorization.

     Listing:  12  24  36  48  60  . . . 
18  36  54  72  90  . . . 
40  80  120  160   . . . 

     Eventually (and painstakingly), all lists lead to the number  360.

www.imlem.org
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Category 3 – Number Theory 

 

1. It takes the planet Mercury    days to orbit the Sun, while the planet Venus 

orbits it in     days (Both orbit in a counter-clockwise fashion). 

If the two planets are aligned as in the diagram, 

how many orbits will Venus complete  

until they’re aligned similarly again? 

(where both planets are directly to the right 

of the Sun). 

 

 

 

2.   is a natural number for which: 

a. The     of   and    is    

b. the     of   and    is     

What is the value of  ? 

(                                                    ) 

 

3.                are the smallest seven factors of a natural number  . 

What is the least number of factors   can have?   

 

  Answers 

1. _________ orbits 

 

2. _______________ 

 

3. _________ factors 

Mercury Venus 

Sun 
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1. Note that during each orbit of Venus, there’s a moment when 

the   objects are on one line, but the planets are not necessarily 

to the right of the Sun as in the diagram. What we’re looking for  

is the time when both planets complete a whole number of orbits 

simultaneously, which happens every     of their orbital periods. 

   (       )     (           )          

For Venus, the     is    times greater than its orbital period. 

(This would be    orbits for Mercury). 

 

2. It is first necessary to factor             

From    (    )    we conclude that    is a factor of   (no higher power, 

and no  , but maybe other primes). From    (    )           we 

conclude that   is a factor of  . No other factors are possible, or the     

would have been greater. So          . 

Alternatively, we can directly find   
   (    )    (    )

  
 
     

  
   . 

 

3. From the list of smallest factors, we can see that        are all factors of  . 

We know that the prime factors   and   do not appear with higher powers (or   

and   would have been in the list of smallest factors). So at a minimum, we 

have            , though   may include higher powers of   and/or 

larger primes. The least number of factors is in the case where no other primes 

are included, of course, and in this case   has (   )  (   )  (   )     

factors. 

 

Answers 

1.    

2.    

3.    
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Category 3 - Number Theory 

Meet #2, December 2009 

 

 

1. A and B are prime numbers that make this equation true: 

492 ∙ 35 ∙ 8 = 5 ∙ 143 ∙ 𝐴𝐵 

What is the value of 𝐴 + 𝐵? 

 

 

2. Ernie was counting the jellybeans in his bag. 

He noticed that when he arranged them in rows of either 6 or 8 beans, he was always 

left with 3 ‘extras’, but when he arranged them in rows of 5, there were none left over.  

What’s the least possible number of jellybeans that he has? 

 

 

3.  A floor measures 240 inches by 400 inches.  You were asked to tile it with 

rectangular tiles so that a whole number of them would cover the floor (without a need 

to break any).  You were also asked to use tiles which are twice as long as they are 

wide.  You realize there are many different sizes you can use, but you want to 

minimize the number of tiles used.  What’s the least number of identical tiles you can 

use? 

 

 

 

 

   

 

  

Answers 

  1.  _______________ 

  2.  _______________ 

  3.  _______________ 

 

http://www.imlem.org/
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Solutions to Category 3 - Number Theory 

Meet #2, December 2009 

 

 

 

1. As we’re dealing with natural numbers, all we have to do is write down the prime 

factorization of both sides of the equation and make sure all prime factors and their 

respective powers match each other: 

Left side:   492 ∙ 35 ∙ 8 =  72 2 ∙ (5 ∙ 7) ∙ 23 = 23 ∙ 5 ∙ 75 

Right side:   5 ∙ 143 ∙ 𝐴𝐵 = 5 ∙ 23 ∙ 73 ∙ 𝐴𝐵  

All that’s missing on the right side is 7
2  

So 𝐴 = 7, 𝐵 = 2 and 𝐴 + 𝐵 = 9. 

 

2. The number of jelly beans can be divided by 5 (with no remainder), and leaves a 

remainder of 3 when divided by 8 and 6.  It will therefore also leave a remainder of 3 

when divided by any common multiple of 8 and 6, and specifically their least common 

multiple, which is 24.  So we’re looking for a number which is a multiple of 5, but is 3 

more than a multiple of 24.  If we list possible candidates: 27, 51, 75, 99,… we see 

that  75 is the first number to be a multiple of 5. 

 

3. Since the tiles have to cover the floor exactly, one measurement has to be a factor of 

400 = 24 ∙ 52, and the other a factor of 240 = 24 ∙ 3 ∙ 5.  You can list all the factors, 

but from looking at the prime factorization we can conclude that the largest pair of 

factors with a ratio of 2: 1 has to be (24 ∙ 5, 23 ∙ 5)  =  (80, 40).  With this size tile 

we’ll need 5 × 6 (or 10 × 3)  =  30 tiles to cover the floor. 

 

  

Answers 

  1.  9 

  2.   75 

  3.   30 
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1.  The prime factorization of 540 is written as 
x y z

a b c⋅ ⋅ .  What is the value of 

( ) ( )a b c x y z+ + − + + ? 

(note : ,  ,  ,  ,  ,  and a b c x y z are not necessarily different) 

 
 
 
 
 
 

2.    The LCM(x, y) = 54a  and the GCF(x, y) =
54

a
.  What is the value of x · y ? 

 
 
 
 
 
 
 
 
3.   On the 1st day of the year Srinivas, Hector, and Tobias all go to Jo-Jo's pizza 
shop for dinner.  After that day, Srinivas goes to Jo-Jo's every 12th day, Hector 
goes every 16th day, and Tobias goes every 18th day.  On what day of the year will 
they next all go to Jo-Jo's pizza for dinner? (Note: If the first day of the year is day 
#1 then the next time they all go to Jo-Jo's is on day # __________)

Answers 

  1.  _______________ 

  2.  _______________ 

  3.  _______________ 
 



Solutions to Category 3 

Number Theory 
Meet #2, November 2007 
 

1. The prime factorization of 540 is written as 
x y z

a b c⋅ ⋅ = 
2 3 12 3 5⋅ ⋅ .   

The value of 

( ) ( )a b c x y z+ + − + + = ( ) ( )2 3 5 2 3 1 10 6+ + − + + = − = 4 

   
 
 
2.  The LCM( x , y ) · GCF( x , y ) = x · y for all natural 
numbers x and y.   
 

So LCM(x, y) · GCF(x, y) = 54a · 
54

a
= 542 = 2916.   

 
 
 
3.  Srinivas will go to JoJo's in 12, 24, 36 ....... days.  
     Hector will go to JoJo's in 16, 32, 48....... days. 
     Tobias will go to JoJo's in 18, 36, 54....... days. 
 
Since they all go on the multiples of how often they go, we 
want the LCM(12, 16, 18) = 144.  So they will all go again in 
144 days, making the next time they all go on the same day the 
1st + 144 = Day 145 . 

 

Answers 
 
1. 4   

 
 
2.  2916 
 
 

3.  145 
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Category 3 
Number Theory 
Meet #2, December 2005 
 
1.  A company makes foam cubes and ships them in large cardboard boxes that 
are 84 cm wide, 147 cm long, and 63 cm tall on the inside.  How many 
centimeters are in the side length of the largest cube that could be used to 
completely fill these boxes? 
 
 
 
 
 
 
2.  The prime factorization of 75 is 3 ⋅ 5 ⋅ 5.  We can write this prime factorization 
in exponential form as 3 ⋅ 52.  Give the prime factorization of 1080 in exponential 
form with the primes ordered from least to greatest. 
 
 
 
 
 
 
3.  The least common multiple (LCM) of 280 and 28n is 2520, where n is a 
positive integer.  How many different positive values of n satisfy these conditions? 
(Note: The expression 28n indicates the product 28 times an unknown value n.) 
 
 
 
 

Answers 
  1.  _______________ 
  2.  _______________ 
  3.  _______________ 
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Solutions to Category 3 
Number Theory 
Meet #2, December 2005 
 

1.  The desired side length must be the greatest common 
factor of 84, 147, and 63.  Note that the difference between 
84 and 63 is 21.  This is the greatest possible value for the 
GCF of the three numbers, and indeed all three numbers are 
multiples of 21:  63 = 3 × 21, 84 = 4 × 21, and 147 = 7 × 21.  
The side length of the largest cubes that could fill the boxes 
is thus 21 cm.   

 
 

2.  Let’s find the prime factorization of 
1080 by the so-called ladder method 
shown at right.  First we divide by 2 as 
many times as we can until we get an 
odd number. Then we divide by the next 
prime factor as many times as we can, 
and then the next prime factor, etc., until 
we get to 1, as shown at right.  The prime 
factorization of 1080 is thus 23 ⋅ 33 ⋅ 51, 
when expressed in exponential form with 
the primes ordered from least to greatest. 

 
 

3.  The prime factorization of 280 is 23 ⋅ 5 ⋅ 7 , of 28n is  
22 · 7 · n, and of 2520 is 23 ⋅ 32 ⋅ 5 ⋅ 7 .  The n must account 
for the two factors of 3 that appear in the LCM.  It may or 
may not contain an extra factor of 2 and an extra factor of 5.  
Thus the four (4) possible values of n are 32 = 9, 2 ⋅ 32 = 18, 
32 ⋅ 5 = 45, and 2 ⋅ 32 ⋅ 5 = 90.    

Answers 
 
1.  21 
 
2. 23 ⋅ 33 ⋅ 51 
     or  23 ⋅ 33 ⋅ 5 
 
3.  4 

2 1080
 2 540
 2 270
 3135
  3 45
   315
    5 5
       1

 




